The adiabatic connection can be used in density functional theory to define the unknown ͑exchange and͒ correlation density functional. Using conventional wave-function techniques, accurate estimates of thus defined ͑exchange and͒ correlation energy densities can be obtained for specified systems. In this paper, numerical results are presented for the He and the Be atom, as well as the isoelectron Ne ions. A generalized gradient approximation is tested against these results. The comparison shows that the generalized gradient approximation has the ability to detect local features ͑the shell structure͒. In one case (Ne 6ϩ ), however, it turns out that the accurate correlation energy per particle is lower than that obtained within the local-density approximation, and thus not properly corrected by the generalized gradient approximation.
INTRODUCTION
The unknown quantity in the Kohn-Sham densityfunctional theory is the universal correlation functional E c ͓n͔. It is the difference between the exact ground-state energy E of a system, having ground-state density n, and the expectation value of the Hamiltonian H, taken with the Kohn-Sham wave function ⌽ ͑the ground-state wave function of a system of noninteracting particles yielding density n). E c ͓n͔ is approximated in practice by an expression of the type E c ͓n͔ϭ ͵ c ͑ r ͒n͑ r ͒d 3 r , ͑1͒
where c (r) is constructed via n(r) in the local-density approximation ͑LDA͒, or via n(r) and "n(r) in the generalized gradient approximations. Equation ͑1͒ is not sufficient to define c when we know the exact E c , the reason being that the latter is just a number, while the former is a function of r: adding to c a function g(r) satisfying ͵ g͑r ͒n͑ r ͒d 3 rϭ0 ͑2͒
does not change the left-hand side of Eq. ͑1͒. In order to understand approximations using an ansatz similar to Eq. ͑1͒, it has been proposed to look at it as the realization of an adiabatic connection process ͓1-3͔ in which a transition is made between the noninteracting, Kohn-Sham system, and the real, physical system by multiplying the electron-electron interaction by a factor ͑between 0, the value taken for the Kohn-Sham system, and 1, the value taken for the physical system͒. If the density is kept constant during this process ͑cf. Refs. ͓2,3͔ which is by no means necessary, cf. Refs. ͓1͔͒, the correlation energy is given by Notice that in density-functional theory the exchange part x ,
also plays an important role. We will not insist on it in this paper, since it is defined at ϭ0, and was already explored by others ͑see, e.g., Ref.
͓8͔͒.
The technique we use for producing the ground state of a system at interaction strength , having density n, has been described before ͑ ͓9͔ and will not be repeated in detail here. We first generated an accurate density n by performing ͑mul-tireference͒ configuration interaction calculations for these systems with Gaussian basis sets. At each , the density is kept constant within a high accuracy by using a supplementary -dependent potential v(r;) described in terms of r m i exp(Ϫ␣ i r 2 ). The parameters of this potential are obtained in a way to ensure only second-order errors in the universal density functional ͑Legendre transform͒ by slightly modifying the program MOLPRO ͓10͔. For each of the , v(r;) and the modified interaction /r 12 determine a Hamiltonian which has a ground state ⌿() and the reduced two-particle density matrix P 2 (r 1 ,r 2 ;), obtained with the program CASDI ͓11͔. Figure 1 shows c as a function of r, for the He atom and the system having the density n (r)ϭ2 3 /exp(Ϫ2r), for ϭ2, which is the density of a noninteracting He atom. Notice that in both cases, c behaves as one would expect in density-functional-theory approximations: as the density increases, so does c , in absolute value. In order to emphasize this effect, we choose to plot c also as a function of 1/r s , where r s ϭ"3/(4n(r)͔… 1/3 . As, in these examples, n is a monotonically decaying function of r, there is a one-to-one correspondence between n and r, or r s and r, and we can produce such a plot. As large densities correspond to large 1/r s , the atomic center lies at the extreme right of the plot. Furthermore, in the X␣ approximation, or when using the Wigner crystal expression, the correlation energy is proportional to n 1/3 , or to 1/r s ͑a plot of c in such an approximation is a straight line passing through the origin͒. Figure 2 shows c as a function of 1/r s in the left-hand panel for the same two-electron systems. The right-hand panel exemplifies that with increasing density, c ͑in absolute value͒ also increases in density-functional approximations. In this paper, we compare with an approximate , in the generalized gradient approximation of Perdew, Burke, and Ernzerhof ͑PBE͒ ͓12͔. In spite of some details, the qualitative agreement between the accurate and approximate curves is good.
RESULTS
A more complicated case is that of the Be atom. The shell structure there produces a double-minimum structure in the accurate c (r). The maximum around rϭ1 bohr corresponds to the separation between the shells. As can be seen in Fig. 3 , this feature is also present in the PBE approximation ͑the upper dashed curve following the trends of the accurate, full curve͒. The local-density approximation, also shown in Fig. 3 , not only yields significantly too low c , but only gives a hint to the shell structure. Figure 3 shows that the PBE approximation works better for the core region of Be than for the intershell and valence region.
We show in Fig. 4 similar curves for Ne 8ϩ and Ne 6ϩ , isoelectronic with He and Be, respectively. Notice that Ne 8ϩ is quite well described by the approximation and that c is transferable from Ne 8ϩ to the Ne 6ϩ core. The valence correlation is underestimated, however, in the approximation.
The description of the double minimum of c is not present in the local-density approximation, as can be seen in Fig. 5 . It appears within the PBE approximate functional due to the presence of the reduced gradient, t ϭ͉"n͉/͓n 7/6 4(3/) 1/6 ͔, shown in Fig. 6 for Ne 6ϩ . It is not able to fully correct the local-density approximation: normally, the gradient correction reduced the effect of LDA; from Fig. 5 it is evident, however, that the effect of LDA should be enhanced in the valence region ͑around 0.5 bohr͒.
It is often believed that using exchange and correlation together improves on the results. We show in Fig. 7 the exchange and correlation energy density for Ne 6ϩ , by comparing the accurate values with those obtained within the localdensity and a generalized gradient approximation. The definition of the accurate xc is given by the sum of x ͓Eq. ͑5͔͒, and c ͓Eq. ͑4͔͒. Although the agreement is not perfect, the PBE curve follows significantly better the accurate one than the curve obtained within the local-density approximation.
A more detailed analysis is presented in Fig. 8 , as a function of r, in the local-density ͑long-dashed curves͒ and a generalized gradient approximation ͑PBE, short-dashed curves͒: exchange and correlation ͑upper pair of curves͒ and correlation only ͑lower pair of curves͒, in atomic units.
shows the errors in the local-density and the generalized gradient correction for Ne 6ϩ . The generalized gradient correction always improves on xc . As mentioned before, the gradient correction on the correlation energy per particle, c , is not always improving on the local approximation. As the exchange and the correlation gradient correction work in opposite directions, it is possible to compensate errors in the gradient correction correlation part by that in the exchange part.
A further investigation is shown by analyzing the correlation energy per particle, c , plotted as a function of 1/r s , cf. Fig. 9 . ͑Please note that in this figure the scale is different on the two plots shown.͒ An attempt to find a simple form of c shows that for each atomic region, core and valence, a linear fit shows a reasonable agreement. This reminds one of the X␣ approximation, giving a linear dependence on 1/r s , too, and having an atom-dependent coefficient of 1/r s . Here, the coefficient becomes also shell dependent. It is not so surprising that the shells behave differently, since chemical and pseudopotential experience shows that they behave like nearly independent subsystems. The coefficients seem roughly proportional to the nuclear charge for the core, but show a much smaller dependence on it for the valence region. An even better fit seems possible when the correlation energy per particle, c , is not forced to vanish for the innershell part, if a constant term (Ϸ0.01 au) is included in the fit.
CONCLUSIONS
The present calculations support with numerical evidence ͑absent up to now͒ the view, defended by many active researchers in the field of density-functional theory, that the success of density-functional theory is based upon the ability to successfully model the two-body density matrix averaged along the adiabatic connection. We hope that calculations of this kind could be further pursued and provide more hints for the construction of approximations.
